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This work is part of a continuing effort to develop a capability for 
quantifying the scattering of ultrasonic waves by arbitrarily shaped 
flaws. The general problem of elastodynamic behavior of a homogeneous, 
isotropic defect in an otherwise homogeneous, isotropic fullspace is cast 
as a Boundary Integral Equation (BIE). A general scattering model is 
needed to provide information for probability of detection (POD) models 
and inversion schemes for cases when low or high frequency approximations 
are not appropriate. Previously the Boundary Element Method (BEM), a 
method for solving the BIE, was adapted to NDE and the void problem was 
investigated [1]. Here we focus on the inclusion problem, experimental 
verification, and to overall extensions of the capability. 
BOUNDARY INTEGRAL EQUATION 
The BIE is derived by applying Green's Reciprocal Identity to the 
time-harmonic form of the elastic wave partial differential equation 
(PDE). This formula converts a volume (domain) integral to a surface 
(boundary) integral for an elliptic operator. This reduction in 
dimension is a significant advantage over domain type methods like finite 
difference and finite element. Solutions in the frequency domain are the 
most convenient form in many instances. Sometimes, they are thought to 
be rather indirect if the desired result is a time domain waveform. The 
obvious trade-off is generating the solution at numerous frequencies plus 
a Fourier Transform versus time stepping the solution of a hyperbolic 
PDE. However, we find that much coarser meshes can be used with the 
time-harmonic approach. 
The appropriate BIE for this elastodynamic problem is given in 
reference [2]. The result is expressed in terms of the complex 
displacement vector, ~. and stress tensor, t, along with their Fundamental 
Solution (free- space Green's function) counterp.arts, fJ and 'f. 
c7 c"P)"i1c"P) = f}; (Ci)V c"P. q) -!1(Ci)r c"P. q) ]ds(Ci) + u1 c"P) c 1) 
where q is a generic point of the boundary S. The tensor C depends on 
the surface topology at point p, i.e., if p is on a side, edge, or corner 
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[2]. V and Tare complicated functions of frequency and the distance 
between points p and q. They are singular when p- q and oscillate 
throughout space. Superscript I on u refers to the incident field, while 
no superscript implies the total field. 
BOUNDARY ELEMENT METHOD 
The BIE is converted to an algebraic equation by discretizing the 
surface into curvilinear quadratic and triangular sections or elements. 
Any shape can be fabricated. The actual surface geometry is then 
interpolated by quadratic polynomials over each element in terms of nodal 
values. Each field variable is also represented by a quadratic 
interpolation of nodal quantities. The integrals are performed by Gauss 
quadrature. The number of Gauss points used varies according to the 
severity of Fundamental Solution fluctuation. Specifics of this 
procedure are given in reference [3]. Sample meshes are shown in Figure 
1. The program has a feature which allows problems with a plane of 
symmetry to be defined by meshing only one-half the actual shape. 
Compare these meshes with those used by time-stepping approaches 
[4,5]. The quadratic nature of our elements affords some advantage in 
keeping the total number of nodes low, but there is some penalty in 
increased matrix formation time per node. The major difference lies in 
the fact that our error is governed by the ability of the quadratic 
polynomials to approximate the exact solution in space at a single 
instant in time (constant phase). The meshes for time-stepping 
approaches must be much finer because slight dissipative and dispersive 
errors accumulate and grow as the integration process proceeds. Section 
3-1 of reference [6] provides a good discussion of this phenomenon for 
finite difference methods. 
The BIE is written for the exterior medium for each node point p. 
If the flaw is an inclusion, the BIE is also written for the interior 
material at each of those same nodes. Interface displacements and 
tractions are matched-up as usual. This results in a set of simultaneous 
linear algebraic equations. The equation set has the form of a matrix 
whose coefficients depend on flaw geometry, frequency, and material 
properties, and a right hand side vector which contains the components of 
the incident field at each node location. The unknowns are nodal values 
of the total displacement and traction fields. See equation (2). This 
form is very convenient because the numerous possible incident fields and 
flaw orientations that must be considered by a POD model are merely 
different right hand side vectors. The matrix is fully populated due to 
global influence of the Fundamental Solution, but it can be decomposed 
once and then saved. If the flaw is a void, the tractions are zero and 
the equation set simplifies. 
[ coefficients depend on ]{u} {iii} geometry, frequency, • = _ 
and material properties t 0 
(2) 
.--------------- --- - " 
--- - -------------- - ---
Fig. 1 40 Element Sphere and 92 Element Elliptical Frustrum Models 
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All examples cited in this paper are based on a planar incident 
field. More sophisticated beam models are possible [1] but were not 
needed for any of the verification work presented here. 
SCATTERING AMPLITUDES 
Farfield scattering amplitudes were calculated from the surface 
displacement solution by selecting a point Po sufficiently far removed 
from the flaw and in the direction of the desired scattering amplitude. 
Then the scattered displacement field u3 at that interior point is 
calculated with the following interior representation integral: 
Scattering amplitudes are then given by a simple dot product with the 
direction vector times a phase term as shown in [1]. 
NUMERICAL COMPARISONS FOR INCLUSIONS 
The BEM solution to elastic wave scattering from a spherical 
inclusion was previously reported [7]. However, the conversion of the 
surface solution to a farfield quantity and the resulting accuracy had 
not been demonstrated. In addition, the present work also investigates 
materials of various relative impedance and wavespeed. See Table I. 
Solder Sphere in l.uci te 
Solder inclusions in Buhler's transoptic (Lucite) have been studied 
experimentally as model systems due to the ease of their fabrication and 
use [8]. They represent relatively strong scatterers with wavespeeds 
similar to the host, as might be encountered in structural materials. 
See Figure 2. The point of interest here is the rich structure of the 
scattering amplitude magnitude versus dimensionless frequency (Ka). A 
similar plot for a spherical void is a comparatively smooth, periodic 
curve. This raises the question - "Is the displacement field at the 
surface similarly convoluted such that a significantly finer mesh is 
required for an inclusion at a given Ka?" Fortunately the answer appears 
to be "no" (cf. [1]). 
Titanium Sphere in Lucite 
Further interest in this mesh requirement question leads us to show 
the results for a titanium inclusion. The structure versus frequency is 
much more subdued as compared to the previous example. See Figure 3. 
Better accuracy is maintained at a given Ka. Realize that the wavelength 
in titanium is much longer than in solder or Lucite, so an "average" 
wavelength at the interface is also longer. Hence a given mesh has more 
nodes per wavelength and so resolves the field more accurately. The 
discrepancy at Ka-3.1 is due to the proximity to the fictitious 
eigenfrequency atKa-n. The remedy for these difficulties [7] has not 
been implemented in our code. 
Table I Material Properties Used 
Copper 
Lucite 
Solder 
Titanium Alloy 
Tungsten Carbide 
Primary 
Wavespeed 
(cm/iJS) 
0.460 
0.272 
0.301 
0.634 
0.666 
Secondary 
Wave speed 
(cm/iJS) 
0.230 
0.134 
0.145 
0.303 
0.398 
Density 
(gjcc) 
8.90 
1.18 
8.41 
4.42 
13.82 
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For more general axisymmetric shapes, the literature contains 
solutions from the T-matrix Method [9]. The solution for an oblate 
tungsten carbide inclusion in titanium alloy compares well with our BEM 
results. Since oblate spheroidal voids have been presented extensively 
[1], results for a prolate spheroid are shown in Figure 4. 
INTERFACE TO COMPUTER AIDED ENGINEERING SOFTWARE 
To really create an effective tool for NDE engineers, this 
methodology has been coupled to existing commercial CAE software. 
Previously, the definition of the nodes and elements had been done by 
finite element mesh generators (our boundary elements are similar to 
"shell" finite elements as far as the mesh is concerned). This gave us 
the existing sophisticated computer graphics that is useful for defining 
intricate shapes. Now, the loop has been closed by writing the boundary 
solution via universally formatted datasets back to a finite element 
post-processor. The spatial distribution of the surface displacement 
(and traction) components can thus be visualized via color coded plots. 
This capability has three uses: insight into the physics of the 
scattering process, identification of errors in the mesh definition, and 
most importantly - a way to determine regions of high gradient so that 
the mesh can be refined in an effective manner. This last benefit is 
important when the "answer" is not known and convergence of various 
meshes needs to be determined. Unlike elastostatic problems, the 
location of high gradient regions is not intuitive. 
EXPERIMENTAL VERIFICATION 
Although in principle the BEM works just as well with a general 
shape as it does with spheres and spheroids, the code and algorithms are 
rather long and involved so exercising the program fully is prudent. In 
the arena of truly 3D shapes (no axis of symmetry), the basis of 
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comparison is essentially limited to experiment. Since the conversion of 
experimental measurements to absolute unbounded medium scattering 
amplitudes has already been demonstrated [10], Figures 5 and 6 show best 
fit scaled results. 
Elliptical Frustrum Shaped Void 
Truly 3D void specimens with known, controlled dimensions are rare 
In [1], results from an ellipsoidal model were compared with flaw signal 
envelop power reported in reference [11] for one such specimen [12]. 
Since then, the actual shape including edges (see Fig. 1) has been 
modeled and the specimen was obtained for additional experiments. The 
incident P-wave is normal to the flat side so that a single model 
employing symmetry could be used. Scattering amplitudes are plotted in 
Figure 5 as a function of azimuthal angle where the polar direction is 
aligned with the incident wave propagation direction. Agreement is 
excellent. The experimental results suggest that the fabricated void is 
not perfectly symmetrical from tip to tip. 
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Fig. 5 Magnitude of Signal due to Rockwell Elliptical (50:12:5) Disc 
Void at a Scattered Angle of 150°. Major semiaxis "a" is 2.5 mm. 
COpper Ellipsoid in Lucite 
Another interesting shape to investigate is the 3-axis ellipsoid 
(13]. To make the comparison experiment simple, a spectrum of 
backscatter amplitudes were calculated for an incident P-wave normal to 
the "flat" side. Since the system response is a function of frequency, 
the experimental flaw scattering amplitude had to be deconvolved out of 
the measured signal. In Figure 6, the experimental results show the 
roll-off effect of limited bandwidth and also that the flaw is not 
exactly the shape desired. (Results from "Top" and "Bottom" sides vary 
slightly.) The BEM results predict the trend fairly well over the Ka 
range (1 to 8) shown. 
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CONCLUSION 
The BEM for scattering from irregular 3D flaws has been extended to 
the inclusion case. Our results have compared favorably with other 
numerical and experimental results. Benchmark cases have served to 
verify the methodology and also to provide insight into mesh 
requirements. We believe our approach has a number of significant 
computational advantages over other existing approaches such that they 
are not competitive for non-axisymmetric 3D scattering problems. Our 
algorithms, in conjunction with rapid advances in computer technology, 
are putting this type of computation into the realm of engineering 
practice. For example, all the simulation data for Figure 5 was 
generated with 7 minutes of processor time on an Apollo DNlOOOO 
engineering workstation. 
Future work will include addressing the problem of fictitious 
eigenfrequencies, improving algorithm efficiency, and generating 
solutions for previously unsolved 3D problems. An iterative method [14] 
will be implemented for our formulation to solve problems of two 
interacting scatterers. This approach can then be expanded to handle a 
flaw near an interface. 
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